Near-field radiative heat transfer between bodies at the nanoscale can surpass blackbody limits on thermal radiation by orders of magnitude due to contributions from evanescent electromagnetic fields, which carry no energy to the far-field. Thus far, principles guiding explorations of larger heat transfer beyond planar structures have assumed utility in surface nanostructuring and related enhancements in the density of states. We re-examine this assumption by deriving fundamental limits to near-field radiative heat transfer in polaritonic materials, which can be made to exhibit strong resonant response in the infrared, limited only by intrinsic material losses. We show that at any given wavelength, multiple scattering severely limits the marginal utility of nanoscale texturing for the purpose of enhancing near-field heat transfer, beyond shifting the resonant response of these materials to selective wavelengths. While dipolar bodies and 2D materials are shown to benefit from stronger material response (larger indices of refraction and smaller losses) up to a size-dependent threshold, the upper bounds on near-field heat transfer between extended (bulk) structures are found to be practically reached by planar media at the surface polariton condition. This has ramifications for the ultimate performance of thermophotovoltaics, nanoscale cooling, and related thermal devices operating in the near field. arXiv:1903.07968v2 [physics.class-ph] 
The concept of a blackbody, derived from electromagnetic reciprocity (or detailed balance), has provided a benchmark of the largest emission rates that can be achieved by a heated object: through nanoscale texturing, gray objects can be designed in myriad ways to mimic the response of a blackbody at selective wavelengths [1] [2] [3] , with implications for a variety of technologies, including high-efficiency solar cells, selective emitters, and thermal sensors [4] . Over the past few decades, much effort has gone toward understanding analogous limits to enhancements of near-field radiative heat transfer (NFRHT) [5] [6] [7] [8] , supported by a rich and growing number of experimental [9] [10] [11] [12] and theoretical investigations [13] [14] [15] [16] [17] investigations, and motivated by the potential impact on thermophotovoltaics [18, 19] , nanoscale cooling [20] , and thermal microscopy [21, 22] . A key principle underlying further NFRHT enhancements is the use of materials supporting bound (plasmon and phonon) polaritons in the infrared, where the Planck distribution peaks at typical temperatures probed in experiments. This leads to strong subwavelength responses tied to corresponding enhancements in the density of states [23] [24] [25] [26] ; consequently, the amplified NFRHT spectrum exhibits a narrow lineshape, justifying focus on selective wavelengths. However, while the properties of such polaritons, particularly the resonance frequencies, associated densities of states, and resulting absorption and scattering properties can be modified through nanoscale texturing, only recently have computational methods [14] [15] [16] 27] arisen to model NFRHT between bodies of arbitrary geometries beyond those with high symmetry [17, 28, 29] . Furthermore, the challenge of gaining simultaneous control over the scattering properties of large numbers of contributing surface waves has generally precluded more general upper bounds on NFRHT.
NFRHT between two bodies A and B in vacuum is given as
in terms of their local temperatures T A and T B , entering the Planck function Θ(ω, T ) = ω/[exp( ω/(k B T )) − 1], and the spectral function Φ(ω), which can be enhanced by changing material and geometric properties through the creation of resonances and changes in the electromagnetic density of states. In particular, nanostructuring metallic surfaces or polar dielectrics makes it possible to shift resonant frequencies from the visible or far infrared into the infrared, such that the peak of the spectrum Φ may coincide with the peak of the Planck distribution near room temperature. It remains an open question, however, to what extent the peak value of Φ itself may be enhanced through appropriate geometric and material choices, as well as what such optimal structures should be.
Previous attempts at deriving bounds on NFRHT have primarily focused on extended media [5] [6] [7] 30] , showing that at least for translationally invariant structures, Φ can be expressed as the trace of a "transmission" matrix whose eigenvalues (corresponding to evanescent Fourier modes) each contribute a finite flux. Aside from being restricted to planar geometries, these bounds turn out to be either pessimistic [7] , ignoring the large density of states that can arise in nanostructured and low-loss materials, or too optimistic [5, 6] , ignoring any constraints imposed by Maxwell's equations and assuming instead that all such Fourier modes, up to an unrealistic cutoff on the order of the atomic scale, can saturate the flux [5] . More recent works have derived shapeindependent limits on electromagnetic absorption in subwavelength regimes [31] , showing that absorbed power in a medium of susceptibility χ increases in proportion to an "inverse resistivity" figure of merit, |χ| 2 / Im χ, in principle diverging with larger indices of refraction and decreased losses. Saturation of these bounds for a subwavelength absorber can generally be achieved in resonant media supporting surface plasmon or phonon polaritons. These arguments were soon extended to NFRHT [8] by exploiting energy conservation and reciprocity, finding the upper bound of Φ at a polariton resonance to scale quadratically with |χ| 2 / Im χ, corresponding to enhanced absorption and emission in both ob-jects. While NFRHT between dipolar objects can attain these bounds in a dilute limit, such a universal scaling has yet to be observed in large-area structures. This naïvely suggests room for improvement in Φ through nanostructuring via enhancements in the density of states or equivalently, via saturation of modal contributions, yet trial-and-error explorations and optimization procedures [32, 33] have failed to produce nanostructured geometries that bridge this gap, leading to the alternative possibility that the existing bounds are too loose.
In this paper, we argue that the power spectrum Φ is maximized at a polaritonic resonance, so bounds on resonant NFRHT are valid outside of the resonance condition too, and derive new limits on resonant NFRHT between arbitrary bodies of given material susceptibilities. We show that at a polaritonic resonance frequency, nanoscale surface texturing can only enhance NFRHT between dipolar bodies or 2D materials by a finite amount (depending on their sizes or thicknesses), and can only enhance NFRHT between extended structures (dimensions larger than the thermal wavelength) by shifting those resonance frequencies while in practice remaining always factors of O(1) from what is achievable with resonant planar media. First, we algebraically prove that the reciprocity and definiteness properties of the vacuum Maxwell Green's function in the near-field imply not only that our new bounds are at least as tight as the previous shape-independent limits [8] , but also that the new bounds at a polaritonic resonance are domain-monotonic, increasing with increasing object sizes. Second, we demonstrate that at a polaritonic resonance, NFRHT can only grow weakly (logarithmically) for thick slabs, and also vanishes for objects of finite size, with increasing material response. Consequently, nanostructured surfaces cannot perform asymptotically better than ideal planar slabs (e.g. bulk polar dielectrics), and thus the spectral flux between two bodies of surface area A separated by a distance d can never significantly exceed A 4π 2 d 2 at any given frequency. Third, we show that bounds on the aforementioned NFRHT transmission eigenvalues can be derived for arbitrary (not just planar or periodic) geometries, with our general bounds and low-rank properties of the Maxwell Green's function for disjoint objects implying that most of these transmission eigenvalues cannot saturate their maximum value of 1/4. Fundamentally, our new limits include the effects of multiple scattering, while the previous limits [8] were based on a Born approximation which, in analogy with Kirchhoff's law [23, 25] , assumed that thermal fields produced within a given body in isolation can be perfectly absorbed by others brought into proximity. This explains the aforementioned performance gap: the combination of resonant absorption and multiple scattering hampers rather than helps NFRHT, and the previous bounds cannot capture this trade-off. Finally, we discuss practical implications and design guidelines for structures enhancing NFRHT.
I. GENERAL BOUNDS
For two bodies A and B in vacuum, the spectral function Φ appearing in (1) represents the average power absorbed in B due to fluctuating current sources in A and is reciprocal (invariant under interchange of A and B). Using formal operator notation, this average absorbed power can be written in terms of the susceptibilities V σ , the vacuum Maxwell Green's function G vac στ , and scattering T-operators T σ , for σ, τ ∈ {A, B}. Each susceptibility is written as V σ = χ σ I σ , where each χ σ is assumed to be homogeneous, local, and isotropic. The vacuum Maxwell Green's function G vac solves [(c/ω) 2 ∇ × (∇×) − I]G vac = I in all space, and its blocks are denoted as G vac στ for sources in body τ ∈ {A, B} propagating fields to body σ ∈ {A, B}. Finally, the T-operators T σ = (V −1 σ − G vac σσ ) −1 represent the total induced polarization moment in body σ due to a localized field of unit magnitude incident upon it. All of these quantities are reciprocal:
. Given these definitions and relations (see supplement for more details), the heat transfer spectrum can be written as [17] 
where A 2 F = Tr(A † A) denotes the Frobenius norm, having defined asym(A) = (A − A † )/(2i) for any operator A. In this expression, we define the operators
, whose diagonal elements correspond to absorption from incident fields in bodies B and A in isolation, while we refer to
as the dressed scattering operator, capturing the effects of multiple scattering between the two bodies. Accordingly, we refer to Φ(ω) as defined in (2) as the exact heat transfer spectrum. We derive new bounds for NFRHT by repeated algebraic manipulations of the above operator norm (detailed in the supplement), yielding:
having used the facts that for σ ∈ {A, B}, M σ is Hermitian positive-definite, so its subordinate 2-norm, which is its largest singular value, satisfies M = M σ 2 . On physical grounds, the norms of these absorption operators must be bounded. To begin with, the operator M B is an absorption operator because ω 2 E inc , M B E inc is the power absorbed by object B from an incident field E inc . From fundamental limits on absorption [31] , this inner product is known to be less than or equal to ω 
For object A, the absorption operator M A is analogous to the transpose of M B when B is replaced by A: using the reciprocity properties of V A and T A , then
Even in a complex vector space, the singular values of an operator are the same as those of its transpose without complex conjugation [34] , so
. Therefore, the exact heat transfer spectrum is bounded from above by the "dressed" bound,
which includes multiple scattering to all orders and depends on the body geometries encoded in T σ for σ ∈ {A, B}. Intuitively, NFRHT corresponds to absorption of fields in one body radiated by fluctuating dipoles in the other, and the latter can be equated to absorption via reciprocity; thus, it can be bounded by the product of material enhancement factors
Imχσ for σ ∈ {A, B}, along with X BA 2 F , which we term the dressed factor as it accounts for multiple scattering by the two bodies dressing the electromagnetic energy in free space.
The previous shape-independent limits [8] were derived through arguments of energy conservation and variational optimization of the incident fields for absorption in each body. An alternate derivation can be considered by starting from the approximate heat transfer spectrum,
, which accounts for the scattering properties of each body in isolation but applies a Born approximation to scattering between the bodies, corresponding to the replacement X BA → G vac BA . By following the same steps as those for the exact bound (5), the heat transfer spectrum within this approximation can be bounded from above by a corresponding "Born" bound,
which involves the material enhancement factors for both bodies, as well as the quantity G vac BA 2 F , which we term the Born factor as it neglects multiple scattering by the two bodies and only accounts for geometric effects on the electromagnetic energy to lowest order.
In considering NFRHT, we make use of the nonretarded approximation: c/ω is much larger than any relevant length scale (even for objects of infinite spatial extent), so we only keep terms to lowest order in ω/c. As a result, in position space, G vac BA is real-valued. With this, we argue that saturation of these NFRHT limits requires that both bodies optimally absorb all incident fields in isolation. For the T-operators to be physically justifiable, the far-field scattered power in isolation from any incident field must be nonnegative [31] , which means that the operator Im(T σ ) − T σ Im(V −1 σ )T σ must be positive semidefinite for each object. If each T-operator is diagonalizable, then this becomes the condition that the eigenvalues of T σ must lie in the complex plane within a disk of radius Imχσ . Therefore, even if a purely real-valued T-operator could overcome vanishing absorption in isolation by making the dressed factor X BA 2 F diverge, it could not physically exist. Moreover, the fast spatial decay of G vac BA in the nonretarded approximation ensures that most of its singular values are close to zero (i.e. it has low rank), so we expect that even for the largest magnitude eigenvalues of T σ , most of the contributions to the dressed factor will be approximately equal to corresponding contributions to the Born factor, which the isolated absorption bounds will saturate; the biggest differences from the Born bound will come from contributions corresponding to the relatively smaller number of [35] and doped Si (blue star) [33] surfaces. ΦBorn for Au lies two to six orders of magnitude above the plotted range and is therefore not shown.
nontrivial singular values of G vac BA , though as we demonstrate, the resulting differences in the dressed versus Born bounds are significant. Henceforth, we consider only T σ = i |χσ| 2 Imχσ I σ , corresponding to each body σ ∈ {A, B} being a perfect absorber in isolation. With the above conditions for resonant absorption, the dressed scattering operator may be written as
Notably, the dependence of Φ Born on |χ σ | 2 /Imχ σ is a simple quadratic relation, whereas the dependence of Φ dress involves both the quadratic dependence in the prefactor as well as the more complicated dependence in X BA . As G vac BA is real-valued in the nonretarded approximation, G vac BA G vac AB is a real-symmetric positive-definite operator [36] in the space of the material degrees of freedom of body B. As we detail in the supplement, these symmetry and definiteness properties suffice to show our two main results through purely algebraic manipulations. The first is that for any material enhancement factors |χσ| 2 Imχσ for σ ∈ {A, B}, Φ dress ≤ Φ Born . This means that there is no situation in which resonant absorption in each body can combine with multiple scattering to produce a larger heat transfer than would be predicted in the Born approximation. The second is that for any |χσ| 2 Imχσ , the resonant dressed factor X BA 2 F is domain-monotonic: fixing the minimum separation d between the objects, if any volume is added to either body, the dressed factor increases, as does Φ dress in turn; we point out that domain monotonicity has been shown for the scalar Laplace operator with Dirichlet boundary conditions [37] , but to our knowledge, there is no such proof for X BA 2 F . This implies that for a given minimum separation d and |χσ| 2 Imχσ (requiring the frequency and material properties to shift in order to compensate for changes in the geometry), and in the absence of other design constraints, the geometry that maximizes Φ dress is that of two semi-infinite planar halfspaces. Hence, nanoscale texturing respecting the minimum separation d cannot beat this planar bound except by redshifting polaritonic resonance frequencies and changing associated material enhancement factors. We will show that under appropriate conditions (i.e. sufficiently small particle sizes), Φ dress for dipolar objects can exhibit the previous quadratic scaling with |χσ| 2 Imχσ predicted by Φ Born , but the same bound for extended structures exhibits a weaker logarithmic dependence, limiting the degree to which NFRHT can be enhanced through nanostructuring or larger material response.
II. BOUNDS ON DIPOLAR AND EXTENDED BODIES
The simplified dependence of the resonant dressed factor X BA 2 F upon the vacuum Green's function G vac BA and scalar susceptibilities χ σ reduces the problem of finding bounds for heat transfer to evaluating functions of G vac BA between differ-ent spatial volumes. General geometries would typically preclude analytical expressions, but domain monotonicity allows consideration of high-symmetry objects, namely small spherical or planar domains representative of arbitrary dipolar or extended structures, respectively. Figure 1 summarizes comparisons of the Born and dressed factors for various configurations of interest. In all cases, Φ Born is independent of material properties, which implies that NFRHT can diverge at finite distances d as the dissipation rates vanish. By contrast, the behavior of Φ dress with respect to |χσ| 2 Imχσ depends strongly on the general topology of the system.
When one of the bodies is compact and small enough that only its dipolar response is relevant, regardless of whether the other body is compact or extended, Φ dress can approach Φ Born from below, as shown in Fig. 2(a) . In particular, if |χA| 2 ImχA |χB| 2 ImχB and d are fixed, then the Born bound is approached as the particle volumes approach zero, meaning that small enough particles can attain the most optimistic bound for heat transfer, though its magnitude will decrease with decreasing volume; intuitively, as dipolar particles become smaller, farther separated, or more dissipative, multiple scattering becomes negligible. However, increasing |χA| 2 ImχA |χB| 2
ImχB will cause Φ dress to reach a maximum and then decrease to zero, and the onset of this behavior scales with d 3 /V for each dipolar body, so that dipolar particles must be much smaller in the presence of extended structures versus other dipoles for multiple scattering to remain negligible. It follows that for any given volume and d, the maximum NFRHT per unit volume occurs at an optimal, finite value of |χσ| 2 Imχσ . The bounds involving dipolar bodies can be shown to be reached in the simple geometry of small spheres representing each dipolar object and a planar slab representing the extended object (if present), provided that resonance conditions given Re χ for each body are satisfied. For spherical dipoles, the resonant value satisfies Re(1/χ) = −1/3, but this can be enhanced by appropriate geometric design of metallic nanoparticles with larger material response (keeping the volumes and d fixed), ensuring that the resonance frequency lies in the infrared, to allow enhancements of NFRHT toward the maximum attainable Φ dress . Greater enhancements are expected for compact bodies outside of the dipolar regime, but in this case Φ dress must be computed numerically, which we leave for future work.
By contrast, as shown in Fig. 2(b) , Φ dress for extended structures cannot approach Φ Born except at small values of |χA| 2 ImχA |χB| 2 ImχB 1, a regime that violates the assumption of underdamping used to justify perfect absorption of every incident field in each body. In particular, Φ dress has a much weaker logarithmic dependence on the material enhancement factor than Φ Born , so changing the susceptibilities and resonance frequencies in order to increase |χσ| 2 Imχσ will yield a negligible change in Φ dress . Such a weak dependence is also observed for slabs of finite thickness h, though the onset of this asymptotic scaling depends on the ratio h/d, with Φ dress → Φ Born as h → 0. The domain monotonicity of the dressed factor implies that textured surfaces can never yield a Φ dress whose asymptotic dependence on |χA| 2 ImχA |χB| 2 ImχB exceeds the weak logarithmic scaling observed for planar half-spaces. Furthermore, Φ dress can be practically approached by the simple geometry of two planar slabs, whose NFRHT is given by
in terms of p-polarized Fresnel reflection coefficients r given in [8, 32] . If χ σ (ω) for each slab satisfies the surface polariton condition, Re(1/χ σ ) = −1/2, the heat transfer can also be shown to obey a logarithmic asymptotic bound
Im χA Im χB . Surface texturing can shift the resonance condition to much larger values of | Re χ|, but Φ dress also scales logarithmically with material enhancement, and this divergence is so weak that any practically realizable enhancement will be O(1) at best. Thus, in contrast to NFRHT between dipolar objects, there seems to be little room for improvements beyond Φ planar in bulk geometries.
Bounds on NFRHT between 2D materials can be derived from those on thin films via a limiting procedure, Φ 2d dress = lim h→0
Φ dress h 2 , yielding an analytical expression when the thin-film result is expanded in powers of |χA| 2 ImχA |χB| 2
dress retains the quadratic divergence with respect to material enhancement observed for Born bounds, but while Φ 2d dress can saturate this limit, assuming that Re χ satisfies the polariton resonance condition, the heat transfer itself vanishes in this limit. Because real 2D materials (e.g. graphene) have finite thicknesses (on the order of atomic sizes), in practice the maximum NFRHT enhancement will occur at some finite |χσ| 2
Imχσ , similar to bounds for dipolar bodies.
Finally, to shed further light on the possibility of enhancing heat transfer in extended structures, we compare the power spectrum Φ(ω) × d 2 /A associated with identical parallel slabs to the dressed and Born bounds in Fig. 2 (c), specifically considering gold (Au), doped silicon (Si), and silicon carbide (SiC) as representative materials, as well as to the maximum heat transfer of specific nanostructured Au [35] and Si [33] surfaces. (We employ Drude dispersions for Au [35] and Si [33] , and a phonon polaritonic dispersion for SiC [38] ). In particular, in the infrared where the Planck function is considerable at typical experimental temperatures (T 1000 K), Φ Born for all of these materials is significantly larger than the corresponding Φ dress and is highly sensitive to material dispersion; as a specific example, the Born bound for Au lies significantly above the upper limits of the plot over the entire range of ω shown. By contrast, the logarithmic dependence of Φ dress on |χσ| 2 Imχσ means that it will generally be much less sensitive to changes in material dispersion except near polariton resonances; this is noticeable in the infrared for Si and more so for SiC, whereas Au does not feature material resonances except at much higher frequencies. We find that the ex- 1000 K, leading to highly suboptimal NFRHT. Nanostructuring a metallic surface can greatly enhance NFRHT by both redshifting the polariton resonance and further increasing the power spectrum Φ, but the logarithmic scaling of the optimal flux Φopt with respect to the material enhancement factor |χ| 2 /Imχ means that enhancements to Φ may be closely approached (if not achieved) in practice by unstructured polar dielectric slabs at the surface polariton resonance, and further enhancements via nanostructuring will only come via further redshifts of the resonance frequency. act heat transfer spectrum Φ planar for parallel plates is consistently much smaller than either Φ Born or Φ dress for Au, given that the surface plasmon resonance is also at much higher frequencies for Au plates; the Au nanostructures of [35] improve on the results for Au plates by two orders of magnitude, but still fall more than two orders of magnitude shy of Φ dress at that frequency. The outlook is more pessimistic for polar dielectrics like doped Si or SiC. Nanostructuring Si into a metasurface as in [33] barely improves Φ above the peak of the planar result, which never reaches its bound because the dispersion of Si prohibits the planar surface plasmon resonance condition Re(1/χ) = −1/2 from being reached; only the integrated NFRHT P increases substantially by virtue of the peak frequency being much smaller (i.e. escaping the exponential suppression of the Planck function). Meanwhile, SiC plates exhibit a power spectrum Φ that touches Φ dress at two points, the smaller of which is the material resonance where the losses become so large that the dressed and Born limits coincide (as we have that shown multiple scattering becomes irrelevant for large dissipation), and the larger of which is a polaritonic resonance where Φ dress is nearly constant while Φ Born is larger by an unattainable factor of 50. Therefore, apart from redshifting resonance frequencies to improve P , nanostructuring of extended polar dielectrics cannot produce significantly better results for Φ than do planar objects. Figure 3 illustrates the main arguments presented in this work, which we summarize as follows:
III. CONCLUDING REMARKS
• Nanostructuring of metals can significantly increase NFRHT near room temperature by shifting their resonant response to infrared wavelengths, allowing orders of magnitude enhancements compared to bulk metals.
• Such an enhancement, however, is limited by physical constraints on the largest achievable density of states for a given material and by the impact of multiple scattering, both of which limit the maximum achievable NFHRT at any frequency (independently of geometry).
• For extended bodies, the weak logarithmic scaling of the derived NFRHT bounds with respect to |χ| 2 / Im χ implies that any enhancement obtained by nanostructuring metallic or dielectric surfaces is practically achievable with untextured (planar) polar dielectric slabs.
• For dipolar bodies, the existence of a maximum NFRHT with respect to material response suggests greater room for improvements from typical spherical nanoparticles through appropriate nanostructuring.
At first glance, the inability of nanostructuring to significantly enhance the NFRHT power spectrum between extended bodies, beyond what is achievable with planar media, is a surprising contrast to the success of such techniques in enhancing far-field absorption and emission [31] . This dichotomy can be understood by reframing the local density of states as the extinction power of a dipole radiator in the vicinity of a polarizable body, which diverges as the dissipation of the body goes to zero: essentially, if a dipole radiator does not scatter fields, an infinite number of modes can participate in absorption and far-field scattering. This is consistent with a divergent NFRHT per unit volume for dipolar bodies of vanishing volume, since extinction is bounded by the same limit as absorption [31] . However, if the radiating body is itself polarizable and its dissipation decreases or its size increases, its modes delocalize, and if it perfectly absorbs all incident fields from afar, near-field scattering with another body compensates by destroying control over this increased number of delocalized modes. Thus, compact bodies will exhibit a maximum in the limit to the power spectrum Φ dress with respect to dissipation, while the effects of competition between dissipation and delocalization on near-field scattering lead to a weak logarithmic dependence of Φ dress on |χ| 2 / Im χ.
Our results can be interpreted through the alternative perspective of transmission eigenvalues. Specifically, as detailed in the supplement, one may rewrite the power spectrum as
where Q = Im(V B ) 1/2 G BA Im(V A ) 1/2 is a heat "transmission" operator, analogous to the Landauer formalism detailed in prior works on planar media [5] [6] [7] but here shown to be valid in arbitrary geometries; this is defined in terms of the total Green's function G = (G vac −V A −V B ) −1 in the presence of both bodies. We show in the supplement that the eigenvalues of Q † Q never exceed 1/4, but without further physically motivated constraints, the heat transfer could in principle diverge by virtue of all of the eigenvalues saturating the bound of 1/4. Our material bounds imply that this cannot be the case: the deleterious effects of multiple scattering in its competition with perfect absorption, in conjunction with nonnegativity required of far-field absorption and scattering for each body, demonstrate not only that an infinite bound from an arbitrarily large number of modes is far too optimistic (and not physically justifiable), but also that only a very small number of modes can contribute nontrivially to the power spectrum. This is related to the fact that even in the near-field, the operator G BA has low rank, so the number of nontrivial transmission eigenvalues will be much smaller than the total number of excitable modes in the system. While we have focused on NFRHT at individual resonance frequencies, their narrow bandwidths ∆ω ∼ ω Im(χ) |χ| permit approximate bounds on the integrated heat transfer [8] . For two bodies of the same susceptibility χ, this yields:
For dipolar bodies, Φ dress reaches a maximum with respect to |χ| 2 / Im(χ) and never diverges, while for extended structures, the divergence is merely logarithmic. Hence, beyond a threshold, any potential increase in Φ dress from larger material response will be accompanied by a corresponding decrease in ∆ω; this suggests that regardless of object sizes, there exists a finite |χ| 2 / Im χ, achievable through appropriate choice of materials and geometries, that optimizes the integrated NFRHT.
Finally, we emphasize that the above limits are restricted to the near-field, which can be justified for small enough separations. Corrections to the Born and dressed factors of the order 1/d 4 due to the finite speed of light as well as extensions of the dipolar limits to compact objects of larger size will be the subject of future work. Also, our focus on resonant NFRHT and the properties of the corresponding near-field operators implied that the problem essentially becomes one that can be solved through electrostatics. This suggests that similar reasoning could be applied to other problems in fluctuational electromagnetism, including fluorescence energy transfer [15] and Casimir forces [36] , the subject of future work.
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Appendix A: Notation
We briefly discuss the notation used through the main text and the supplement. A vector field v(x) will be denoted as |v . The conjugated inner product is u
The anti-Hermitian part of a square operator (whose domain and range are the same size) is defined as the operator asym(A) = (A − A † )/(2i). Finally, the trace of an operator is Tr(A) =´d 3 x Tr(A ↔ (x, x)). Through the supplement, we also define 1 λσ = |χσ| 2 Imχσ for notational convenience.
Appendix B: Derivation of general Frobenius norm bounds
In this section, we prove inequalities regarding the Frobenius norm AB F of a product of operators A and B. The Frobenius norm squared may be written as
for which it can be seen that A † A is a Hermitian positive-semidefinite operator admitting the eigenvalue decomposition n µ n |u (n) u (n) |.
This gives
where the inequality arises as µ n are all nonnegative. The factor µ max is the largest singular value squared of A, which is A can be obtained by interchanging the roles of B and A † and following the same line of reasoning.
Appendix C: Derivation of radiative heat transfer formulas
In this section, we derive the formula for the radiative heat transfer spectrum between two bodies, valid even without assumptions about retardation, homogeneity, locality, or isotropy. The formula depends on individual T-operators and the vacuum Green's function, and follows a previous derivation [39] which considered energy transfer by fluctuating volume currents. Through further derivation, we also equate this formula to another formula involving the susceptibilities and the full Maxwell Green's function, and use that to recast the heat transfer spectrum in a Landauer form, whence we prove that the eigenvalues of the Landauer transmission for radiative heat transfer do not exceed 1/4.
T-operator formula
Our derivation of the heat transfer spectrum from the fluctuation-dissipation theorem for dipole sources in each body follows prior work [39] , which we reproduce here for clarity. Consider two bodies A and B in vacuum with general susceptibilities V σ for σ ∈ {A, B} which may be inhomogeneous, nonlocal, or anisotropic. Maxwell's equations may be written in integral form as
for the fields |E and total polarizations |P in terms of the polarization sources |P (0) , after defining
in block form for the material degrees of freedom constituting each object. By defining the total T-operator via
where T −1 σ = V −1 σ − G vac σσ , then Maxwell's equations can be formally solved to yield
obtained by applying formulas for the block matrix inverse to compute T. We also define the projection operators,
such that (abusing notation) I σ is the projection onto the material degrees of freedom of body σ. We consider the energy flow from fluctuating dipole sources only in body A into material degrees of freedom in body B, noting that reciprocity would yield the same heat transfer if the roles of bodies A and B were interchanged. This means |P (0) = |P (0) A 0 defines the fluctuating sources in body A. The heat transfer spectrum is the ensemble-averaged work, denoted by · · · , done by the field,
where |J = −iω|P . Using the Hermiticity and idempotence of I σ yields Φ(ω) = − ω 4i ( I B P, E − E, I B P ), and using the results of (C6) gives 
(suppressing the Planck function Θ as it has already been factored out of Φ), yielding
as the dressed radiative heat transfer spectrum.
To prove equivalence of this expression for Φ to that involving only G vac and T σ , it is useful to explicitly invoke reciprocity:
This allows for writing the operators
in block matrix form, where the projection onto A allows for truncation to the appropriate block column or row for notational convenience. Multiplying these matrices together, it can be noted that G vac
Additionally, using the definition
the resulting expression is therefore identical to the exact (dressed, but not necessarily resonant) expression for Φ(ω) used in the main text. Finally, note that causality implies that V σ and T σ are analytic in the upper-half complex frequency plane and that asym(V σ ) is Hermitian positive-definite [17] , so the relation
ensures that the absorption operators are both Hermitian positive-definite as well.
Derivation of Green's function heat transfer formula
Our derivation of the bounds in the main text relies on the relationship between the heat transfer spectrum Φ(ω) written in terms of the vacuum Green's function and the T-operators of individual objects, to the heat transfer formula [1] 
Green's function in the presence of both bodies, with the block G BA representing the fields in body B due to dipole sources in body A. We start with the T-operator by rewriting
A along with invariance of the trace under cyclic permutations of operator products. From this, it can be seen that the two expressions for Φ(ω) are guaranteed to be the same if the operator G BA is the same as
must hold. To prove that this is equal to G BA , we use the definition
in conjunction with definitions of G vac and T as 2 × 2 block matrices in (C5) to write
for this system. Performing this matrix multiplication, rec-
and collecting and canceling terms leads to the proof of the equality G
BA = V −1 B T B X BA T A V −1 A .
Bounds on heat transfer eigenvalues
We now prove that radiative heat transfer between arbitrarily shaped bodies can also be expressed as the trace of a transmission matrix whose eigenvalues can be bounded above, similar to previously derived bounds in planar media. This relation intuitively connects the finite value of the dressed NFRHT bounds and approximate low rank of G BA , and can be proved as follows. For this, we use the cyclic property of the trace to define
along with the fact that the vacuum Maxwell operator G vac−1 is real-valued in position space allows for writing
which relates dissipation in polarization currents and electromagnetic fields in equilibrium. Additionally, the fact that asym(V a ) is a Hermitian positive-definite operator for each body a ∈ {A, B} means it has a unique square root asym(V A ) 1/2 . Rearranging the above equation, multiplying both sides by 2 asym(V A ) 1/2 , and adding I A to both sides gives
Following this substitution, this may be factored as
where G has been replaced by its blocks G AA and G AB due to multiplications on each each side by asym(V σ ) 1/2 for σ ∈ {A, B} (and likewise for G † ). This expression is the sum of two Hermitian positive-semidefinite operators equal to the identity; though this has been done for body A, reciprocity of heat transfer yields a similar expression in terms of the operators for body B. Consequently, the eigenvalues of the operator Q † Q entering the trace expression for Φ(ω) must all be less than or equal to 1/4. We emphasize that this derivation is valid for compact or extended structures of arbitrary geometry, without any need to expand heat transfer in terms of incoming and outgoing plane waves specific to translationally symmetric systems [5] .
Appendix D: Properties of the Born and dressed factors
In this section, we show that NFRHT between two bodies A and B in vacuum is locally maximized when both bodies satisfy the optimal absorption condition in isolation. We also show that the dressed bounds on resonant heat transfer, which include multiple scattering, never exceed the previous "Born" or single-scattering bounds [8] . These results make use of the fact that in the absence of retardation, G vac BA = (G vac AB ) is a real-valued operator in position-space, so G vac BA G vac AB is a Hermitian positive-semidefinite operator.
Maximization of dressed bounds by optimal absorbers
In the main text, we argued that NFRHT will be largest when the T-operators of each body satisfy the condition of zero far-field scattering in isolation. Thus, if body A is fixed to be an isolated perfect absorber satisfying T A = i λA I A , then any change to body B from perfect absorption, written as
for a small perturbation R (restricted to be real symmetric to preserve the condition of zero far-field scattering by T B ), produces no change in the NFRHT to first order and a negative change to second order in R. By reciprocity, the same arguments hold if A and B are exchanged.
Defining the real symmetric positive-semidefinite operator K = G vac BA G vac AB λAλB and replacing I B by I for notational convenience, NFRHT may be written as
where we have used the facts that
, after which point the definition of T B in terms of R may be substituted. This trace can be expanded order-by-order in R, with Φ (n) denoting the nth order term.
The lowest-order term is given by,
which, upon undoing the substitution T B Im(V −1 B )T B = Im(T B ) − T B Im(G vac )T B and the definition of T B in terms of R, is identical to the result in the main text.
The first-order term is given by,
but by exploiting the invariance of the trace under cyclic permutation and transposition, and noting that K = K and R = R , this trace actually vanishes. Therefore, each body satisfying perfect absorption in isolation produces a local stationary point in NFRHT, and it remains to be shown that this is a maximum.
The second-order term is significantly more complicated, but can be shown to reduce to
by again exploiting the invariance of the trace under cyclic permutation and transposition. As Im(G vac ) is negativedefinite, then in the relevant limit of low loss λ B 1, every term contributes negatively to the trace, thereby proving that the stationary point is a local maximum. Even in the limit of large loss λ B 1, because K depends on λ B , this limit corresponds to K → 0, for which the lowest order corrections become Tr − R Im(G vac )R λB K < 0, meaning the stationary point is still a maximum. Finally, for any λ B , if R were to commute with K (of which uniform perturbations to the eigenvalues, meaning R = RI, are a subset), the trace becomes Tr[K(I + K) −2 (−I + 2(I + K) −1 − (I + K) −2 )R 2 ] < 0, again showing the stationary point is a maximum. It is also possible to show that NFRHT is consistently maximized at this point not only locally but also globally (for arbitrary dissipation and even if R does not commute with K), the subject of future work.
Relation of Born and dressed bounds
We now show that the dressed bound never exceeds the Born bounds when each object satisfies perfect absorption in isolation. In the absence of retardation, G vac BA G vac AB is a Hermitian positive-semidefinite operator and thus admits an eigenvalue decomposition,
in terms of real nonnegative eigenvalues λ 2 s and a complete, orthonormal basis of eigenvectors {|v (s) }. This allows for writing the Born factor, G vac BA 2 F = Tr(G vac BA G vac AB ) = s λ 2 s . Likewise, the dressed factor is given by
which is always less than or equal to the Born factor because λ 2 s are always nonnegative, and λ σ for σ ∈ {A, B} are both positive. Therefore, at a fully degenerate resonance, our new bound is always at least as tight as the previous shapeindependent limits. That said, this proof does not make any claim with respect to how much smaller the dressed factor must be compared to the Born factor, for general values of dissipation. In particular, as the dissipation rates encoded in λ σ increase (while still remaining in the underdamped regime), multiple scattering should matter less, and the dressed bound is expected to approach the Born bound. In contrast, as λ σ decrease, the particular behavior of the dressed bound depends on the dimensionality of the bodies. If at least one body is compact, integration over a finite spatial domain when computing G vac BA G vac AB is guaranteed to be finite, so the dressed factor tends to zero as λ 2 A λ 2 B , which only partially cancels the material enhancement factor to yield a dressed bound than vanishes as λ A λ B in that case. If both bodies have infinite spatial extent in at least one dimension, spatial integrations over infinite domains when computing G vac BA G vac AB requires more care, and different dependences on λ σ can result, depending on the geometry. These subtleties are explored in the main text.
We now prove that the resonant dressed factor is domainmonotonic, meaning that it will always increase when the spatial domain (i.e. the volume of either body) increases; this has previously been proven for the scalar Laplace operator with Dirichlet boundaries [37] but to our knowledge, not for X BA 2 F . We allow bodies A and B to have different shapes, sizes, and material properties (the latter encoded in λ σ for σ ∈ {A, B}), and we assume only that λ σ as well as the minimum separation d are fixed throughout this proof. In particular, we assume a small enough perturbative increase to the volume of either object so that each object remains an optimal absorber even with the new volume, i.e. T σ = i λσ I σ is still true even with the new degrees of freedom. If body B undergoes a perturbative increase in volume while body A remains unchanged, the projection operator onto the original volume of B (comprising the actual material degrees of freedom, not the entire convex hull, which is relevant if the original volume of B has interior holes or surface concavities) will be denoted as P 0 , while the projection operator onto the added material volume in B will be denoted as P ∆ , with P 0 P ∆ = P ∆ P 0 = 0 encoding the disjointness of the two spaces. Denoting G vac
, and G vac A∆B = (G vac ∆BA ) , and defining
allows for writing (in a slight abuse of notation)
for this system. This in turn leads to the expression,
to lowest order in the term ∆(G vac BA G vac AB ), which is small as the addition to the volume of B is small (perturbative). Plugging this into the dressed factor and exploiting the cyclic property of the trace for notational convenience yields,
to lowest order in the term ∆(G vac BA G vac AB ), for which each of the three terms may be analyzed individually. The first term is merely the unperturbed dressed factor, so the perturbation to lowest order comprises the second and third terms. For the second term, the factor
For the third term, the factor
whose trace vanishes. Therefore, a perturbative increase in the volume of body B changes the dressed factor by an amount Tr(G vac ∆BA G vac A∆B ), independent of λ σ for σ ∈ {A, B}; as G vac ∆BA = (G vac A∆B ) is real-valued in the near-field, then G vac ∆BA G vac A∆B is real-symmetric positive-semidefinite, so its trace is nonnegative, and is exactly the pairwise additive contribution to G vac BA 2 F (in the absence of multiple scattering) from the same perturbation. Reciprocity implies invariance of this dressed near-field enhancement factor under interchange of bodies A and B, which means that the same arguments can be used to show that a perturbative increase in the volume of A (holding B fixed) increases the dressed factor. As both of these statements are true regardless of the original geometries of A and B, they must remain true for any combination of increases in the volumes of A and B, even if the minimum separation d does not change. As a result, for a given d and λ σ for σ ∈ {A, B}, the volume that maximizes the domain of the scattering operators (a planar semi-infinite half-space and its geometric mirror image, though λ A and λ B may differ), leads to their largest dressed factor and hence maximizes NFRHT. Nanostructuring will therefore always decrease our general bounds for fixed d and material enhancement, so long as the system remains resonant.
Appendix E: Frobenius norm for dipolar particles
In this section, we derive analytical expressions for the Born and dressed factors associated with a dipolar particle in proximity to another or to a planar body. Consider two spherical, compact bodies A and B of isotropic, dipolar response described to lowest order in particle size in the Clausius-
where r σ is the center of mass and V σ is the volume; notationally, 1 ↔ is the Kronecker tensor whose Cartesian elements are δ ij . Rewriting χσ 3+χσ = 1 1+3/χσ = [1 + 3(Re(χ σ ) − i Im(χ σ ))/|χ σ | 2 ] −1 , it readily follows that T ↔ σ experiences a resonance at the frequency where 1 + 3 Re(χ σ )/|χ σ | 2 = 0. Substituting this means
Without loss of generality, we define the distance from the center of each particle to its proximate surface as R σ , and the separation between proximate surfaces as d, so r A = 0 and r B = (d + R A + R B )e z (note the different definition from the main text). Thus, the position-space representation of the vacuum Green's function is 6 (E1) including the factors of V σ from the representation of I σ . This (dimensionless) tensor has eigenvalues, λ 2 1 = VAVB 16π 2 (d+RA+RB) 6 , λ 2 2 = λ 2 1 , λ 2 3 = 4λ 2 1 , summation of which results in the Born and dressed near-field enhancement factors provided in Fig. 1 in the main text (evaluated in the limit R A , R B d).
We now consider a situation in which particle B remains dipolar but particle A is replaced by an extended object enclosed by the semi-infinite half-space z ≤ 0. By the monotonic properties of the Frobenius norm with respect to the domain size of the corresponding operator, described above, we can take the half-space to correspond to a uniform object of susceptibility V b . Without loss of generality, we redefine r B = (d + R)e z having redefined R B = R. The T-operator of particle B is still T
in terms of the Heaviside step function θ. This means that the position-space representation of G vac BA G vac AB is:
having included the factor of V B to ensure that this is a dimensionless quantity. This integral can be evaluated in cylindrical coordinates with x = ρ(cos(ϕ)e x + sin(ϕ)e y ) + ze z , so |r B − x| 2 = ρ 2 + (d + R − z) 2 . The term involving 1 ↔ can easily be evaluated due to independence from ϕ, yielding:
by integrating over ρ and then z. The term involving (r B − x) ⊗ (r B − x) requires evaluation of this outer product of vectors. In cylindrical coordinates, this evaluates as the tensor
for which integration over ϕ makes the off-diagonal elements vanish, while integration over the diagonal elements gives ρ 2´2 π 0 cos 2 (ϕ) dϕ = ρ 2´2 π 0 sin 2 (ϕ) dϕ = πρ 2 for the xxand yy-components or (d+R−z) 2´2 π 0 dϕ = 2π(d+R−z) 2 for the zz-component. The integral over the xxand yycomponents therefore yield:
while the integral over the zz-component yields
Adding these contributions to the contributions from the prefactor of 1 ↔ yields:
It follows that this representation of G vac BA G vac AB has diagonal elements given by λ 2 1 = VB 64π(d+R) 3 , λ 2 2 = λ 2 1 , λ 2 3 = 2λ 2 2 , and these are the eigenvalues that enter the Born and dressed nearfield enhancement factors. Figure 1 in the main text evaluates these in the limit R d.
Appendix F: Frobenius norm for planar bodies
In this section, we derive semi-analytical expressions for the Born and dressed factors associated with thick and thin planar slabs.
Consider two extended (semiinfinite) homogeneous half-spaced separated by a distance d. Without loss of generality, we also assume the geometry to be mirror-symmetric about z = 0, so that the bulk of bodies A and B are respectively defined for z < −d/2 and z > d/2. We further define the mirror flip operator O AB = (O BA ) = (O BA ) † = (O BA ) −1 to be the real-valued unitary operation that maps a vector field from B to its mirror image in A: reciprocity implies that G vac
The fact that T σ = i λσ I σ for σ ∈ {A, B} means that
We note that the unitarity of O AB means that its multiplication in the numerator leaves the Frobenius norms unchanged, so G vac
Therefore, we define the operator D = G vac BA O AB for notational convenience, and compare the Born factor D [40] , we work in lowest order in ω/c, with |k| ω/c, so this means that the contributions from the s-polarization disappear, while those from the p-polarization do not, which is physically consistent with this nonretarded (electrostatic) approximation; in particular, for which it can be derived that − iω 2 2c 2 ↔ M p has two eigenvalues that are zero and one eigenvalue that is −|k|; the corresponding eigenvector (normalized to 1 under the standard conjugated inner product) for the latter eigenvalue is 1 √ 2|k| (−ik + |k|e z ). Meanwhile, the spatial part e −|k|(z+z ) (having substituted k z = i|k|) can be rewritten as e −|k|d 2|k| ( 2|k|e −|k|(z−d/2) )( 2|k|e −|k|(z −d/2) ), which is an outer product of functions in the space of square-integrable functions on the interval z ∈ (d/2, ∞), satisfying the normalization condition´∞ d/2 ( 2|k|e −|k|(z−d/2) ) 2 dz = 1. Putting all of this together allows for writing D as a rank-1 operator:
having defined the plane-wave eigenfunctions, (2π) 4 yields δ 2 k (0) = A/(2π) 2 , proportional to the infinite area A, where the subscript k implies that the singular Dirac delta function has units of k −2 when evaluated at k = 0. Doing so yields the remaining integral,
obtained by evaluating the integral in polar coordinates, and consistent with the previous expression obtained by evaluating the Green's function in position space. Similarly, expanding the dressed factor in this Fourier basis yields a diagonal representation with elements given by: Finally, performing the same Fourier integration steps as be-fore yields the following norm: as the Born factor. This recovers the result A/(32πd 2 ) in the limit h/d → ∞, while for h/d 1 (thin films), the leading-order term is 3Ah 2 /(16πd 4 ), consistent with known results from Hamaker theory for thin films [41] [42] [43] . 
